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ABSTRACT
Recently a new theory for the transport of energetic particles across a mean magnetic field was
presented. Compared to other non-linear theories the new approach has the advantage that it provides
a full time-dependent description of the transport. Furthermore, a diffusion approximation is no
longer part of that theory. It is the purpose of the current paper to combine this new approach
with a time-dependent model for parallel transport and different turbulence configurations in order
to explore the parameter regimes for which we get ballistic transport, compound sub-diffusion, and
normal Markovian diffusion.
Subject headings: diffusion – magnetic fields – turbulence
1. INTRODUCTION
The transport of electrically charged particles in a tur-
bulent magnetized plasma is a topic of great interest in
modern physics. Especially in astrophysics scientists are
keen on understanding the motion of cosmic rays and
solar energetic particles through the universe (see, e.g.,
Schlickeiser 2002 and Zank 2014 for reviews). If such
particles would only interact with a constant magnetic
field, their trajectory would be a perfect helix. However,
real particles experience scattering due to the interaction
with turbulent electric and magnetic fields. Therefore,
one finds different transport processes such as parallel
diffusion or stochastic acceleration. In particular the mo-
tion of energetic particles across the mean magnetic field
was the subject of numerous theoretical studies (see, e.g.,
Shalchi 2009 for a review).
A simple analytical description of perpendicular trans-
port is provided by quasi-linear theory (see Jokipii 1966
for the original presentation of this approach) where it is
assumed that perpendicular diffusion is caused by parti-
cles following magnetic fields lines which themselves be-
have diffusively. Characteristic for this type of transport
is that the corresponding perpendicular mean free path
does not depend on particle energy nor does it depend
on other particle properties. It is entirely controlled by
magnetic field parameters. This type of transport is often
referred to as the field line random walk (FLRW) limit.
More realistic descriptions have been developed later. It
was shown, for instance, that parallel diffusion suppresses
perpendicular transport to a sub-diffusive level. Analyt-
ical descriptions of this type are usually called compound
sub-diffusion (see, e.g., Ko´ta & Jokipii 2000 or Webb et
al. 2006).
Comprehensive numerical studies of perpendicular
transport have been performed showing that one can in-
deed find sub-diffusive transport if a turbulence config-
uration without any transverse structure in considered
(see, e.g., Qin et al. 2002a). However, if there is trans-
verse complexity of the turbulence, diffusion is restored
(see, e.g., Qin et al. 2002b). Matthaeus et al. (2003)
and Qin et al. (2002b), therefore, distinguished between
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first diffusion (meaning quasi-linear transport) and sec-
ond diffusion. The latter process must be described by
some type of non-linear interaction between particles and
magnetic fields and it must also be related to the trans-
verse structure of the turbulence. It has to be empha-
sized that the recovery of diffusion due to collisions was
described in the famous work of Rechester & Rosenbluth
(1978) but Coulomb collisions, albeit relevant in labo-
ratory plasmas, should not be important in astrophys-
ical scenarios such as the solar wind or the interstellar
medium.
Different attempts to describe second diffusion have
been presented in the past such as the pioneering work of
Matthaeus et al. (2003). A few years later the so-called
unified non-linear transport (UNLT) theory has been de-
rived (see Shalchi 2010) which contains the field line dif-
fusion theory of Matthaeus et al. (1995), quasi-linear
theory, as well as a Rechester & Rosenbluth type of dif-
fusion as special limits (see Shalchi 2015 for a detailed
discussion of this matter). However, the aforementioned
theories rely on a diffusion approximation together with
a late time limit. Therefore, such theories do not de-
scribe the early ballistic motion of the particles, nor do
they explain the sub-diffusive regime and the recovery
of diffusion. In Shalchi (2017) a time-dependent version
of UNLT theory was developed. Although this descrip-
tion still relies on approximations and assumptions such
as Corrsin’s independence hypothesis (see Corrsin 1959),
one is now able to describe the transport as a full time-
dependent process. Furthermore, the latter theory pro-
vides a simple condition which needs to be satisfied in
order to find second diffusion, namely 〈(∆x)2〉 ≫ 2ℓ2⊥.
Here we have used the mean square displacement of pos-
sible particle orbits as well as a characteristic length scale
of the turbulence in the perpendicular direction. Before
this condition is satisfied, perpendicular transport is ei-
ther ballistic, quasi-linear, or sub-diffusive.
It is the purpose of the current paper to present a de-
tailed analytical description of time-dependent perpen-
dicular transport. We employ a general model for the
transport of particles in the parallel direction containing
ballistic and diffusive regimes. Furthermore, we employ
different analytical models for magnetic turbulence such
2as the slab model, a noisy slab model, a Gaussian model,
the two-dimensional model, as well as a two-component
turbulence model. In all cases we compute the running
perpendicular diffusion coefficient as a function of time
to explore the different transport regimes.
2. FULL TIME-DEPENDENT DESCRIPTION OF
PERPENDICULAR TRANSPORT
A time-dependent theory for perpendicular transport
was developed in Shalchi (2017) based on ideas discussed
in Matthaeus et al. (2003) and Shalchi (2010). By us-
ing guiding center coordinates instead of particle coor-
dinates, Corrsin’s independence hypothesis, and by as-
suming that the averages over particles properties can
be written as product of parallel and perpendicular cor-
relation functions, the following equation was derived
〈Vx(t)Vx(0)〉 = 1
B20
∫
d3k Pxx
(
~k, t
)
ξ
(
k‖, t
)
e−
1
2
〈(∆x)2〉k2⊥
(1)
where we have used the x-component of the guiding cen-
ter velocity Vx(t), the mean magnetic field B0, the xx-
component of the magnetic correlation tensor Pxx (see
below for some examples), and the mean square displace-
ment in the x-direction 〈(∆x)2〉. Eq. (1) is valid for
axi-symmetric and dynamical turbulence. However, in
the current paper we only consider magnetostatic turbu-
lence where by definition Pxx(~k, t) = Pxx(~k). Further-
more, Eq. (1) is based on the assumption the δBz ≪ B0.
If one considers isotropic turbulence, for instance, one
has to ensure that the turbulent magnetic field is not too
strong. To generalize Eq. (1) to allow turbulence which
is not axi-symmetric would be straightforward. In this
case Eq. (1) would be replaced by a set of four coupled
ordinary differential equations.
In Eq. (1) we have also used ξ(k‖, t) = ξ(k‖, t1 =
t, t2 = 0) with the parallel correlation function
ξ
(
k‖, t1, t2
)
=k−2‖
〈(
d
dt1
eiz(t1)k‖
)(
d
dt2
e−iz(t2)k‖
)〉
=k−2‖
d
dt1
d
dt2
〈
ei[z(t1)−z(t2)]k‖
〉
. (2)
The latter function was explored in Shalchi et al. (2011)
based on the cosmic ray Fokker-Planck equation
∂f
∂t
+ vµ
∂f
∂z
=
∂
∂µ
[
Dµµ (µ)
∂f
∂µ
]
(3)
with isotropic pitch-angle scattering coefficient Dµµ =
(1 − µ2)D. A detailed discussion of the analytical form
of Dµµ and the validity of the isotropic regime can be
found in Shalchi et al. (2009). The solution of Eq. (3)
describes the parallel motion of energetic particles while
they experience pitch-angle scattering. As explained in
Shalchi (2006), the solution describes the parallel motion
as a ballistic motion at early times and then the solution
becomes diffusive. This is exactly what one observes in
test-particle simulations performed in the past (see, e.g.,
Qin et al. 2002a and Qin et al. 2002b). A general
solution of the two-dimensional Fokker-Planck equation
is difficult to find. Within a two-dimensional sub-space
approximation, it was derived in Shalchi et al. (2011)
that
ξ
(
k‖, t
)
=
v2
3
1
ω+ − ω−
[
ω+e
ω+t − ω−eω−t
]
(4)
with the parameters
ω±=−D ±
√
D2 − 1
3
(
vk‖
)2
=− v
2λ‖
±
√(
v
2λ‖
)2
− 1
3
(
vk‖
)2
(5)
where we have used the parallel mean free path λ‖ =
v/(2D).
In order to compute a time-dependent or running dif-
fusion coefficient
d⊥(t) =
1
2
d
dt
〈(∆x)2〉, (6)
one has to employ the TGK (Taylor-Green-Kubo) for-
mulation (see Taylor 1922, Green 1951, and Kubo 1957)
d⊥(t) = ℜ
∫ t
0
dt′ 〈Vx(t′)Vx(0)〉 (7)
where we assumed that the initial diffusion coefficient is
zero d⊥(0) = 0. The TGK formula can easily be com-
bined with Eq. (1) yielding
d2
dt2
〈(∆x)2〉 = 2
B20
∫
d3k Pxx
(
~k
)
ξ
(
k‖, t
)
e−
1
2
〈(∆x)2〉k2⊥ .
(8)
The latter ordinary differential equation can be evaluated
numerically for any given turbulence model described
by the tensor component Pxx. After obtaining the sec-
ond moment 〈(∆x)2〉, Eq. (6) can be employed in or-
der to compute the running diffusion coefficient d⊥(t).
We call this approach time-dependent UNLT theory. We
like to emphasize that we only compute the second mo-
ment and use this to distinguish between normal diffu-
sion (〈(∆x)2〉 ∝ t) and other types of transport such as
compound sub-diffusion where 〈(∆x)2〉 ∝ t1/2. A more
detailed analysis would provide other, higher, moments
and maybe even the full particle distribution function.
The theory discussed here does not allow to compute
such quantities nor is this usually done in the field of
transport theory (see again Qin et al. 2002a, Qin et al.
2002b, and Matthaeus et al. 2003 for examples).
3. RELATION TO PREVIOUS RESULTS AND THEORIES
The main aim of the current paper is to present a
detailed investigation of time-dependent perpendicular
transport for a variety of turbulence models. In the cur-
rent section, however, we relate time-dependent UNLT
theory to previous results such as ballistic transport,
compound sub-diffusion for slab turbulence, as well as
UNLT theory based on the diffusion approximation.
3.1. Early Times and Ballistic Transport
For early times t = 0 we have according to Eq. (4)
ξ (t, 0) =
v2
3
(9)
3and, thus, Eq. (1) becomes
〈Vx(t)Vx(0)〉 = v
2
3B20
∫
d3k Pxx
(
~k
)
=
v2
3B20
δB2x (10)
where we have used 〈(∆x)2〉t=0 = 0 also. After integrat-
ing the latter formula over time, and using Eq. (7), we
obtain for the running diffusion coefficient
d⊥(t) =
v2
3
δB2x
B20
t. (11)
If we integrate again, we find
〈(∆x)2〉 = v
2
3
δB2x
B20
t2. (12)
The motion obtained here corresponds to a ballistic mo-
tion where particles move unperturbed in the parallel di-
rection while they follow ballistic magnetic field lines. We
expect that for any given turbulence model, the running
diffusion coefficient can be approximated by Eq. (11) if
early enough times are considered.
3.2. Slab Turbulence
For slab turbulence, corresponding to turbulence with-
out any transverse structure, we have by definition
P slabnm (
~k) = gslab
(
k‖
) δ(k⊥)
k⊥
δnm (13)
for n,m = x, y. Because of the solenoidal constraint all
other components of this tensor are zero. Due to the
Dirac delta therein, Eq. (1) becomes
d2
dt2
〈(∆x)2〉 = 8π
B20
∫ ∞
0
dk‖ g
slab
(
k‖
)
ξ
(
k‖, t
)
. (14)
Here we have used the one-dimensional spectrum of the
slab modes gslab(k‖). If we combine the latter form
with the TGK formula (7) and model (4), we find af-
ter straightforward algebra
d⊥(t) =
4πv2
3B20
∫ ∞
0
dk‖ g
slab
(
k‖
) 1
ω+ − ω+
(
eω+t − eω−t)
(15)
which was originally derived in Shalchi et al. (2011). In
the latter paper a more detailed discussion can be found
as well as a visualization of the running perpendicular
diffusion coefficient as a function of time (see figure 3 of
Shalchi et al. 2011).
For t → ∞, we only find a contribution to the k‖-
integral for the smallest possible values of ω± meaning
ω− = 0 and ω+ = −κ‖k2‖. Furthermore, we derive from
Eq. (5)
ω+ − ω− = 2
√
D2 − (vk‖)2 /3 ≈ 2D = v/λ‖. (16)
Therewith Eq. (15) becomes
d⊥(t) =
4πκ‖
B20
∫ ∞
0
dk‖ g
slab
(
k‖
)
e−κ‖k
2
‖t (17)
where we have also used λ‖ = 3κ‖/v. This formula is in
agreement with the result originally obtained in Shalchi
& Do¨ring (2007). As discussed there, the formula de-
scribes correctly compound sub-diffusion as usually ob-
tained for slab turbulence (see, e.g., Ko´ta & Jokipii 2000
and Webb et al. 2006). In the appendix of the current
paper we briefly show how quasi-linear theory can be re-
covered from Eq. (14) as well.
3.3. Diffusion Approximation
Especially in non-linear treatments of particle trans-
port it is often assumed that perpendicular transport is
diffusive for all times. In our notation this means that
we set
〈(∆x)2〉 = 2κ⊥t ∀ t (18)
in Eq. (1). We like to emphasize that this is only an
approximation. In reality one expects a ballistic motion
and thereafter there could be a sub-diffusive regime (see,
e.g., Sects. 3.2 and 4 of the current paper). Eventu-
ally diffusion is recovered if there is transverse structure
(see, e.g., Shalchi 2017 and Sect. 4 of the current paper).
It is the purpose of the current article to explore the
different transport regimes. In the current paragraph we
employ the diffusion approximation only to restore previ-
ous equations for the perpendicular diffusion coefficient.
With approximation (18) we derive from Eq. (1)
〈Vx(t)Vx(0)〉= v
2
3B20
∫
d3k Pxx
(
~k
) 1
ω+ − ω−
× [ω+eω+t − ω−eω−t] e−κ⊥k2⊥t. (19)
If we integrate the latter equation over time, and after
employing the TGK formula (7) for t→∞, we obtain
κ⊥=
v2
3B20
∫
d3k Pxx
(
~k
)
× κ⊥k
2
⊥
(κ⊥k2⊥)
2 − (ω− + ω+)κ⊥k2⊥ + ω−ω+
. (20)
Now we use Eq. (5) to derive ω− + ω+ = −2D = −v/λ‖
and ω−ω+ = (vk‖)
2/3 to find
κ⊥ =
v2
3B20
∫
d3k
Pxx(~k)
κ⊥k2⊥ + v/λ‖ + F (k‖, k⊥)
(21)
where we have used the function
F (k‖, k⊥) = (vk‖)
2/(3κ⊥k
2
⊥). (22)
This result agrees with the integral equation provided
by UNLT theory (see Shalchi 2010) apart from a factor
4/3 in front of the first term in the denominator of Eq.
(21). The reason for the little discrepancy is that Eq.
(4) itself is an approximation. One can easily repeat the
calculations performed above for the more general case
of dynamical turbulence. In this case one would obtain
the formula originally derived in Shalchi (2011).
4. TIME-DEPENDENT TRANSPORT IN TURBULENCE
WITH TRANSVERSE COMPLEXITY
In the current section we study particle transport in
different turbulence models with transverse structure.
This is important because the latter effect is essential
in order to restore diffusion. As examples we consider
the noisy slab model, a Gaussian correlation model, pure
4two-dimensional turbulence, and a two-component tur-
bulence model consisting of slab and two-dimensional
modes.
4.1. Noisy Slab Turbulence
As a first example for turbulence with transverse struc-
ture we consider the noisy slab model originally proposed
in Shalchi (2015) as a model with minimal transverse
complexity. Within this model the magnetic correlation
tensor has the components
Pnm
(
~k
)
=
2ℓ⊥
k⊥
gslab(k‖)Θ (1− k⊥ℓ⊥)
(
δnm − knkm
k2⊥
)
(23)
where we have used the Heaviside step function Θ(x) and
the perpendicular correlation scale of the turbulence ℓ⊥.
This form can be understood as broadened slab turbu-
lence. The latter model can be recovered in the limit
ℓ⊥ →∞.
For the noisy slab model Eq. (1) becomes
〈Vx(t)Vx(0)〉= 4πv
2ℓ⊥
3B20
∫ ∞
0
dk‖ g
slab(k‖)
× 1
ω+ − ω−
[
ω+e
ω+t − ω−eω−t
]
×
∫ 1/ℓ⊥
0
dk⊥ e
− 1
2
〈(∆x)2〉k2⊥ . (24)
The perpendicular wavenumber integral therein can be
expressed by an error function and we derive
d2
dt2
〈(∆x)2〉
=
8πv2ℓ⊥
3B20
√
π
2〈(∆x)2〉Erf
(√
〈(∆x)2〉
2ℓ2⊥
)
×
∫ ∞
0
dk‖ g
slab(k‖)
1
ω+ − ω−
[
ω+e
ω+t − ω−eω−t
]
.
(25)
For a numerical evaluation of Eq. (25), it is convenient to
employ the integral transformation x = ℓ‖k‖, to use the
Kubo number K = (ℓ‖δBx)/(ℓ⊥B0), the dimensionless
time τ = κ‖t/ℓ
2
‖, as well as σ = 〈(∆x)2〉/ℓ2⊥.
For the spectrum gslab(k‖) we use the Bieber et al.
(1994) model
gslab(k‖) =
1
2π
C(s)δB2ℓ‖
[
1 + (k‖ℓ‖)
2
]−s/2
. (26)
Here we have used the normalization function
C(s) =
Γ
(
s
2
)
2
√
πΓ
(
s−1
2
) (27)
with the inertial range spectral index s and gamma func-
tions. For the spectral index in the inertial range we use
s = 5/3 throughout the whole paper as motivated by the
famous work of Kolmogorov (1941). The parameter ℓ‖ is
the bendover scale in the parallel direction. After the in-
tegral transformation z = k‖ℓ‖, Eq. (25) can be written
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Fig. 1.— The running diffusion ratio D⊥ := (ℓ
2
‖
d⊥)/(ℓ
2
⊥κ‖) ver-
sus time τ = κ‖t/ℓ
2
‖
for the noisy slab model as obtained by solv-
ing Eq. (28) numerically for a Kubo number of K = 0.2. We
have shown the results obtained for different values of the parallel
mean free path, namely λ‖/ℓ‖ = 0.01 (dotted line), λ‖/ℓ‖ = 0.1
(dash-dotted line), λ‖/ℓ‖ = 1 (dashed line), as well as λ‖/ℓ‖ = 10
(solid line). Note that dotted, dash-dotted, and dashed lines are in
coincidence. The dot represents the result obtained by employing
diffusive UNLT theory.
as
d2
dτ2
σ=12
√
πC(s)K2
ℓ2‖
λ2‖
√
2
σ
Erf
(√
σ
2
)
×
∫ ∞
0
dz
(
1 + z2
)−s/2
× 1
Ω+ − Ω−
[
Ω+e
Ω+τ − Ω−eΩ−τ
]
(28)
where we have also used
Ω± =
ℓ2‖
κ‖
ω± =
3ℓ‖
2λ‖

− ℓ‖
λ‖
±
√√√√ ℓ2‖
λ2‖
− 4
3
z2

 . (29)
Differential equation (28) can be solved numerically.
The corresponding running diffusion ratio1 D⊥ :=
(ℓ2‖d⊥)/(ℓ
2
⊥κ‖) is shown in Figs. 1 and 2 for two different
Kubo numbers. For the initial conditions we have set
σ(0) = 0 and (dσ)/(dτ)(0) = 0 corresponding to a ballis-
tic motion. This is used for all computations presented
in the current paper. In both considered cases we find
a sub-diffusive motion directly after the ballistic regime.
For a small Kubo number the sub-diffusive regime per-
sists for a long time whereas for an intermediate Kubo
number diffusion is restored earlier.
4.2. The Gaussian Correlation Model
In the current subsection we employ a Gaussian corre-
lation model which is often used as an example (see, e.g.,
Neuer & Spatschek 2006). In this case the components
of the magnetic correlation tensor are given by
Pnm(~k)=
ℓ‖ℓ
4
⊥δB
2
x
(2π)3/2
k2⊥e
− 1
2
(ℓ‖k‖)
2− 1
2
(ℓ⊥k⊥)
2
1 We like to point out that there is a typo in Shalchi (2017).
In the latter paper the definition D⊥ := (ℓ
2
⊥d⊥)/(ℓ
2
‖
κ‖) was used.
The way how the parameter D⊥ is defined in the current article is
correct.
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Fig. 2.— Caption is as in Fig. 1 but here we have used K = 0.7
for the Kubo number. Note that dotted and dash-dotted lines are
in coincidence.
×
(
δnm − knkm
k2⊥
)
. (30)
The parameters used in this model are the same as used
above. If this model is combined with Eq. (8) we derive
d2
dt2
〈(∆x)2〉= 2ℓ‖ℓ
4
⊥√
2π
δB2x
B20
×
∫ ∞
0
dk‖ ξ
(
k‖, t
)
e−
1
2
(ℓ‖k‖)
2
×
∫ ∞
0
dk⊥ k
3
⊥e
− 1
2 [ℓ
2
⊥+〈(∆x)
2〉]k2⊥ . (31)
The perpendicular wave number integral can be solved
by∫ ∞
0
dk⊥ k
3
⊥e
− 1
2 [ℓ
2
⊥+〈(∆x)
2〉]k2⊥ = 2
[
ℓ2⊥ + 〈(∆x)2〉
]−2
.
(32)
Therewith, Eq. (31) becomes
d2
dt2
〈(∆x)2〉=
√
8
π
ℓ‖ℓ
4
⊥
δB2x
B20
[
ℓ2⊥ + 〈(∆x)2〉
]−2
×
∫ ∞
0
dk‖ ξ
(
k‖, t
)
e−
1
2
(ℓ‖k‖)
2
. (33)
For the parallel correlation function ξ(k‖, t) we employ
again model (4). Using the integral transformation x =
ℓ‖k‖, the Kubo number K = (ℓ‖δBx)/(ℓ⊥B0), the di-
mensionless time τ = κ‖t/ℓ
2
‖, as well as σ = 〈(∆x)2〉/ℓ2⊥
yields
d2
dτ2
σ=6
√
2
π
ℓ2‖
λ2‖
K2 [1 + σ]
−2
×
∫ ∞
0
dz
1
Ω+ − Ω−
[
Ω+e
Ω+τ − Ω−eΩ−τ
]
e−
1
2
z2
(34)
where the parameters Ω± are given again by Eq. (29).
The latter differential equation can be solved numeri-
cally. The results are visualized in Figs. 3 and 4 for two
different values of the Kubo number. As before we find
ballistic, sub-diffusive, and normal diffusive regimes. For
the Gaussian model, however, the sub-diffusive regime is
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Fig. 3.— The running diffusion ratio D⊥ := (ℓ
2
‖
d⊥)/(ℓ
2
⊥κ‖) ver-
sus time τ = κ‖t/ℓ
2
‖
for the Gaussian model as obtained by solv-
ing Eq. (34) numerically for a Kubo number of K = 0.2. We
have shown the results obtained for different values of the parallel
mean free path, namely λ‖/ℓ‖ = 0.01 (dotted line), λ‖/ℓ‖ = 0.1
(dash-dotted line), λ‖/ℓ‖ = 1 (dashed line), as well as λ‖/ℓ‖ = 10
(solid line). Note that dotted and dash-dotted lines are in coin-
cidence. The dots represent the corresponding solution of UNLT
theory within the diffusion approximation.
0 1 2 3 4 5 6 7 8 9 10
Time 
0
0.5
1
1.5
2
2.5
3
3.5
4
D
iff
us
io
n 
Ra
tio
 D
Fig. 4.— Caption is as in Fig. 3 but here we have used K = 2
for the Kubo number.
very short in particular for the case of large Kubo num-
bers.
4.3. Two-Dimensional Turbulence
In the current paragraph we employ the so-called two-
dimensional model where we have by definition
P 2Dnm(
~k) = g2D(k⊥)
δ(k‖)
k⊥
(
δnm − knkm
k2⊥
)
(35)
if l,m = x, y and Plz = Pzm = Pzz = 0. In this particular
model the magnetic field vector as well as the spatial
dependence are two-dimensional. Above we have used
the spectrum of the two-dimensional modes g2D(k⊥) for
which we employ the Shalchi & Weinhorst (2009) model
g2D(k⊥) =
2D(s, q)
π
δB22Dℓ⊥
(k⊥ℓ⊥)
q
[1 + (k⊥ℓ⊥)2]
(s+q)/2
. (36)
The latter spectrum contains a characteristic scale ℓ⊥
denoting the turnover from the energy range to the iner-
tial range. In the inertial range the spectrum scales like
6k−s⊥ whereas in the energy range it scales like k
q
⊥. The
energy range spectral index q was discussed in detail in
Matthaeus et al. (2007). In Eq. (36) we have used the
normalization function
D(s, q) =
Γ
(
s+q
2
)
2Γ
(
s−1
2
)
Γ
(
q+1
2
) . (37)
With the two-dimensional correlation tensor (35), differ-
ential equation (8) becomes
d2
dt2
〈(∆x)2〉= 2π
B20
∫ ∞
0
dk⊥ g
2D (k⊥)
× ξ (k‖ = 0, t) e− 12 〈(∆x)2〉k2⊥ . (38)
From Eq. (4) we deduce
ξ
(
k‖ = 0, t
)
=
v2
3
e−vt/λ‖ (39)
and, thus, we derive
d2
dt2
〈(∆x)2〉= 2πv
2
3B20
∫ ∞
0
dk⊥ g
2D (k⊥)
× e−vt/λ‖− 12 〈(∆x)2〉k2⊥ . (40)
To continue we use spectrum (36) and employ the inte-
gral transformation z = k⊥ℓ⊥ to obtain
d2
dt2
〈(∆x)2〉= 4
3
D(s, q)v2
δB22D
B20
e−vt/λ‖
×
∫ ∞
0
dz
zq
[1 + z2]
(s+q)/2
× e− 12 〈(∆x)2〉z2/ℓ2⊥ . (41)
The latter integral can be expressed by Tricomi’s con-
fluent hypergeometric function (see, e.g., Gradshteyn &
Ryzhik 2000) but this is not useful for our numerical
investigations. Using again the Kubo number K =
(ℓ‖δBx)/(ℓ⊥B0), the dimensionless time τ = κ‖t/ℓ
2
‖, as
well as σ = 〈(∆x)2〉/ℓ2⊥ yields
d2
dτ2
σ=24D(s, q)
ℓ2‖
λ2‖
K2e−3τℓ
2
‖/λ
2
‖
×
∫ ∞
0
dz
zq
[1 + z2]
(s+q)/2
e−σz
2/2. (42)
In the following the latter equation is solved numerically
for an energy range spectral index of q = 3. This value is
in agreement with the conditions discussed in Matthaeus
et al. (2007). The result is visualized in Fig. 5. In
this case we find that diffusion is restored directly after
the ballistic regime. A sub-diffusive regime cannot be
observed. We made some calculations for other values of
the parameter q but no qualitative difference was found.
4.4. Two-Component Turbulence
Above we have considered the slab model and the two-
dimensional model as examples. It is often assumed that
turbulence in the solar wind can be approximated by
a two-component model in which we consider a super-
position of slab and two-dimensional modes (see, e.g.,
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Fig. 5.— The running diffusion ratio D⊥ := (ℓ
2
‖
d⊥)/(ℓ
2
⊥κ‖) ver-
sus time τ = κ‖t/ℓ
2
‖
for two-dimensional turbulence as obtained
by solving Eq. (42) numerically for a Kubo number of K = 0.7
and q = 3. We have shown the results obtained for different values
of the parallel mean free path, namely λ‖/ℓ‖ = 0.01 (dotted line),
λ‖/ℓ‖ = 0.1 (dash-dotted line), λ‖/ℓ‖ = 1 (dashed line), as well as
λ‖/ℓ‖ = 10 (solid line). The dots represent the result obtained by
employing diffusive UNLT theory.
Matthaeus et al. 1990, Zank &Matthaeus 1993, Oughton
et al. 1994, Bieber et al. 1996, Matthaeus et al. 1996,
Dasso et al. 2005, Shaikh & Zank 2007, Hunana & Zank
2010, and Zank et al. 2017).
In this case time-dependent UNLT provides the follow-
ing differential equation
d2
dt2
〈(∆x)2〉
=
8πv2
3B20
∫ ∞
0
dk‖ g
slab
(
k‖
) 1
ω+ − ω−
[
ω+e
ω+t − ω−eω−t
]
+
2πv2
3B20
∫ ∞
0
dk⊥ g
2D (k⊥) e
−vt/λ‖−
1
2
〈(∆x)2〉k2⊥ (43)
where we have combined Eqs. (4), (14), and (40). For the
two spectra we employ Eqs. (26) and (36), respectively.
Using again the Kubo number K = (ℓ‖δBx)/(ℓ⊥B0),
the dimensionless time τ = κ‖t/ℓ
2
‖, σ = 〈(∆x)2〉/ℓ2⊥,
as well as the integral transformations y = k⊥ℓ⊥ and
z = k‖ℓ‖ yields
d2
dτ2
σ=24
ℓ2‖
λ2‖
K2
[
C(s)
δB2slab
δB2
∫ ∞
0
dz
(
1 + z2
)−s/2
× 1
Ω+ − Ω−
[
Ω+e
Ω+τ − Ω−eΩ−τ
]
+D(s, q)
δB22D
δB2
∫ ∞
0
dy
yq
[1 + y2]
(s+q)/2
× e−3τℓ2‖/λ2‖− 12σy2
]
(44)
where we have used the total turbulent magnetic field
δB2 = δB2slab + δB
2
2D = 2δB
2
x. For the energy range
spectral index in the two-dimensional spectrum we set
again q = 3. We like to point out that the Kubo number
is used here for convenience only and to make it eas-
ier to compare the results obtained for two-component
turbulence with the other results. Strictly speaking, the
two-component model is a composition of models with
Kubo number K = 0 and K =∞.
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Fig. 6.— The running diffusion ratio D⊥ := (ℓ
2
‖
d⊥)/(ℓ
2
⊥κ‖) ver-
sus time τ = κ‖t/ℓ
2
‖
for slab/2D composite turbulence as obtained
by solving Eq. (44) numerically for a Kubo number of K = 0.7.
In this plot the slab fraction is δB2
slab
/δB2 = 0.20. We have
shown the results obtained for different values of the parallel mean
free path, namely λ‖/ℓ‖ = 0.01 (dotted line), λ‖/ℓ‖ = 0.1 (dash-
dotted line), λ‖/ℓ‖ = 1 (dashed line), as well as λ‖/ℓ‖ = 10 (solid
line). The dots represent the result obtained by employing diffusive
UNLT theory.
In Figs. 6 and 7 we visualize the numerical solution of
Eq. (44) for the case of an intermediate Kubo numbers of
K = 0.7. Furthermore, we have considered two values of
the slab fraction, namely δB2slab/δB
2 = 0.2 as originally
suggested by Bieber et al. (1994) and Bieber et al. (1996)
as well as the balanced case δB2slab/δB
2 = 0.5. In Fig. 8
we show the results for a large Kubo number of K = 7
and a slab fraction of δB2slab/δB
2 = 0.2. The case is rele-
vant because it corresponds to a scale ration of ℓ⊥ = 0.1ℓ‖
used in some previous work (see, e.g., Matthaeus et al.
2003). In all three cases we observe that for a long par-
allel mean free path the diffusive regime comes directly
after the ballistic regime. For shorter parallel mean free
paths we find a ballistic regime, then sub-diffusion, and
at later times diffusion is recovered.
Important here is to note that the first contribution
in Eq. (44) corresponds to the usual slab result meaning
that it behaves sub-diffusively. However, the second term
contains the mean square displacement σ. Therefore, we
expect an implicit contribution of the slab modes. The
latter effect was already studied in Shalchi (2016). In the
latter paper, however, diffusion theory was extended by a
sub-diffusive slab contribution. The equation used here
is more general because the parameter σ is calculated
without any assumption concerning diffusivity.
5. SUMMARY AND CONCLUSION
It is crucial in astrophysics, space science, and plasma
physics to understand the motion of energetic particles
across a mean magnetic field. Previous analytical theo-
ries were based on the diffusion approximation together
with a late time limit. Therefore, such theories only pro-
vide formulas for the perpendicular diffusion coefficient
or mean free path. Recently a time-dependent version
of the unified non-linear transport (UNLT) theory was
presented in Shalchi (2017). This theory is no longer
based on the diffusion approximation and allows one to
describe the transport for early times as well.
In the current paper we combined the aforementioned
theory with a more general parallel transport model and
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Fig. 7.— Caption is as in Fig. 6 but here we have used
δB2
slab
/δB2 = 0.50 for the slab fraction.
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Fig. 8.— Caption is as in Fig. 6 but here we have used K = 7
for the Kubo number.
different turbulence models. We have considered trans-
port in slab, noisy slab, Gaussian, two-dimensional, and
two-component turbulence. In all cases we have com-
puted the running perpendicular diffusion coefficient as
a function of time in order to explore ballistic, sub-
diffusive, and diffusive regimes.
For slab and noisy slab turbulence we find a sub-
diffusive regime directly after the ballistic regime. If
transverse complexity is present, diffusion is restored as
soon as the condition 〈(∆x)2〉 ≫ 2ℓ2⊥ is satisfied. For
all considered turbulence configurations we find a similar
form of the running diffusion coefficient. In some case we
find normal diffusion directly after the ballistic regime.
This is in particular the case for large Kubo numbers
and long parallel mean free paths. In some other cases
the sub-diffusive regime persists for a very long time be-
fore diffusion is restored. All our results are compared
with the results obtained by using standard UNLT the-
ory involving a diffusion approximation. We find that
the diffusion approximation works well in the late time
regime but a small discrepancy can be found in some
cases. This discrepancy could be relevant if analytical
results are compared directly with test-particle simula-
tion and the diffusion approximation itself can contribute
to the mysterious factor a2 often used in non-linear treat-
ments of perpendicular diffusion (see, e.g., Matthaeus et
al. 2003 and Shalchi 2010). It also has to be emphasized
that time-dependent UNLT theory also contains the ef-
fect of the implicit contribution of slab modes in two-
component turbulence as described in Shalchi (2016).
8In the past authors discussed the possibility of non-
diffusive transport in the literature (see, e.g., Zimbardo
et al. 2006, Pommois et al. 2007, Shalchi & Kourakis
2007, and Zimbardo et al. 2012). The theory proposed
in Shalchi (2017) and used in the current paper allows, in
principle, to describe sub- and super-diffusive transport.
Indeed we found several cases where the transport is sub-
diffusive for a long time. However, in all considered cases
Markovian diffusion is restored in the late time limit if
there is transverse complexity. If there is indeed non-
diffusive transport in the late time limit, it must either
be for an extreme turbulence model or a non-diffusive
parallel transport model. Such cases could be explored
in future work.
The theory used in the current paper and originally de-
veloped in Shalchi (2017) is the most advanced analytical
theory for perpendicular transport developed so far. It
is able to describe perpendicular transport for arbitrary
time and transport behavior, including ballistic motion
and compound sub-diffusion, but it is also a theory which
is no longer based on the diffusion approximation. The
theory is still tractable because the perpendicular dif-
fusion coefficient can easily be computed by solving an
ordinary differential equation numerically (see, e.g., Eq.
(1) of the current paper). One would, therefore, expect
that there will be a variety of applications in astrophysics
and space science.
Support by the Natural Sciences and Engineering Re-
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APPENDIX
QUASI-LINEAR PERPENDICULAR DIFFUSION
The question arises how quasi-linear theory can be recovered from the time-dependent approach used in the current
paper. We assume slab turbulence as it was originally done in the work of Jokipii (1966). Therefore, we start our
investigations with Eq. (14). In order to obtain the quasi-linear limit we have to consider the formal limit λ‖ → ∞
and Eq. (4) becomes
ξ
(
k‖, t
)
=
v2
3
cos
(
1√
3
vk‖t
)
. (A1)
Using this in Eq. (14) yields
d2
dt2
〈(∆x)2〉 = 8πv
2
3B20
∫ ∞
0
dk‖ g
slab
(
k‖
)
cos
(
1√
3
vk‖t
)
. (A2)
After integrating the latter formula over time and employing Eq. (6), we derive
κ⊥ =
4πv2
3B20
∫ ∞
0
dk‖ g
slab
(
k‖
) ∫ ∞
0
dt cos
(
1√
3
vk‖t
)
. (A3)
With the relations (see, e.g., Zwillinger 2012) ∫ ∞
0
dt cos (αt) = πδ (α) (A4)
and
δ (αz) =
1
|α|δ (z) (A5)
we finally obtain for the perpendicular mean free path
λ⊥ =
3
v
κ⊥ =
2
√
3π2
B20
gslab
(
k‖ = 0
)
(A6)
which, apart from a factor 2/
√
3 ≈ 1.15, agrees with the well-known quasi-linear formula (see, e.g., Shalchi 2005). The
reason for this small disagreement is the fact that Eq. (4) itself is an approximation.
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